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Abstract 

Let A = {aj y k)j,k>i be a non-negative matrix. In this paper, we char- 
acterize those A for which £ are determined by their actions on 
non-negative decreasing sequences, where one of p and q is 1 or oo. The 
conditions forcing on A are sufficient and they are also necessary for non- 
negative finite matrices. 

1 Introduction 

For x = {xk\kLi, we write x > if Xk > for all k. We also write x j. for 
the case that {xk\k^=i is decreasing, that is, Xk > %k+i for all k > 1. For a 
matrix A = (a,j t k)j,k>i, let ll^-lls.F denote the norm of A when Ax = y defines 
an operator from x € E to y € F, where (E, \\ ■ \\e) and (F, \\ ■ ||_p) are two 
normed sequence spaces. More precisely, ||^4||k,f = su P||a;|| E =i ll-^ll-F- Clearly, 
> ||^4.||e,f,j,) where 

||^4.||js,f,| := SU P ll^ll-F- 

\\x\\^=l t x>0,xl 

The study of f has a long history in the literature and it goes back to the 
works of Hardy, Copson, and Hilbert (cf. [10]). In [10, Theorem 326], Hardy 
proved that = p/(p — 1) for 1 < p < oo, where A = (aj,k)j,k>i is the 

Cesaro matrix, defined by 

_/ 1/j if k<j, 
ahk ~\ if k > j. 
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This result can be restated in the following form, called the Hardy inequality: 

oo -, j p / \ p oo 

Et5>* < A (x = {x Jfc }gi 1 €< p ). 

j=l fc=l ^™ ' k=l 

For general A, some of the related results can be found in [1], [3], [4], [6], [9], 
[14], and the references cited there. We also refer the readers to [5], [15], and 
[16] for the integral setting. As for the exceptional cases p = 1 or oo, the readers 
can invoke [8], [11], [18], and others. 

The question of determining ||^4||_b,f,| was raised by Bennett (cf. [1, page 
422] and [3, page 422]). In [3, Problem 7.23], Bennett asked the following upper 
bound problem for the case E = F = i p : When does the equality = 
||^4||e,f,j. hold? This problem has been partially solved by [1, page 422], [6, 
Lemma 2.4], and [12, Theorem 2]. Recently, in [7], the present authors gave a 
more general setting, which includes these as special cases. They characterized 
A and proved that E and F can be £ p , d(w,p), or £ p (w), where d(w,p) is the 
Lorentz sequence space associated with non-negative decreasing weights w n and 
£ p (w) consists of all sequences x = {xk}^ =1 such that 

IfII^h : = ^2-, \ x k\ w k J < °°- 

However, the case F = is excluded in [7]. The main purpose of this paper 
is to deal with this case. In fact, we shall give a characterization of A for the 
case that E = £ p and F = £ q , where one of p and q is equal to 1 or oo. The 
details are given in §2-§3. 

2 The cases p = 1 or oo 

In this section, we investigate the upper bound equality = ||^4||^ p / g ,j. 

for the cases p = 1 or oo. The first main result is for p = 1. 

Theorem 2.1 Let 1 < q < oo and A = (cij^j^i with aj^ > 0. Suppose that 
WMhA < oo- Then (2- 1 ) ( 2 - 2 ) => (2-3), where 

/ oo v l/ q , oo \ 1/q 

<*i) (E4.) = S (E^. 

(2.2) sup \\Ax\\e q = max \\Ax\\e q , 

||x|k=l If||^ 1 =i,x>o,x4. 
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(2-3) \\A\\ hA = \\A\\ hM . 

If in addition, aj^ = for k > fc > where ko is a given positive integer, then 
(2.1) — (2.3) are equivalent. 

Proof. By [8, Theorem 10] and [11, Eq. (15)], we know that = 

/ oo ,l/ q 

supl a q jk I < oo. Combining this with (2.1), we obtain 
k>i VJ-J h ) 

/ oo v l/ q 

sup \\Ax\\ eq = \\A\\ ilA = (J2 a h = P e ilk> 

where e\ = (1, 0, . . . ) is decreasing. Hence, (2.1) ==> (2.2). Assume that (2.2) 
holds. Then for some x > 0, we have x j, 1 1 a; | = 1, and ||Ar||^ = H-AH.^ ■ 
For such an x, it follows from [8, Theorem 10] and [11, Eq. (15)] that 

/ oo , i/ q 

(2.4) \\Ax\\e q = \\A\\ hA = sup Va« =sup,S fc = M, 

k>l\~{ J k>l 

where Sk = ( Y1T=\ a< jk ) anc ^ ^ = su Pfe>i ^k- For 1 < q < oo, the function 



f(t) = t q is convex on [0, oo). Hence, by the fact that x± + • ■ ■ + x n + • ■ ■ = 1, 
we get 



(2.5) ||Ac||^ = (ai,ixi + a h2 x 2 + ■ ■ ■ ) q + ■ ■ ■ + (a n ,ixi + a n , 2 x 2 + • • • ) g + ■ ■ ■ 
< Xl Sf + x 2 S q + • • • + x n S q + ■ • • < M q . 



Putting (2.4) — (2.5) together yields xiSf + x 2 S q H = M q , and consequently, 

xi(M« - S q ) + x 2 {Mi - S$) + • ■ ■ = 0. We know that x > 0, x |, and M« - S q > 
for all A;. Therefore, M = Si, that is, (2.1) holds. This establishes the 
equivalence (2.1) (2.2) for the case 1 < q < oo. For (7 = 00, replace (2.5) 
by 

(2.6) ll^lkoo = su P( a j,i x i + aj t2 x 2 H ) 

< + x 2 S 2 + • • • + x„S n H < M, 

and modify the proof between (2.5) and (2.6). Then we shall get the equivalence 
(2.1) <==^> (2.2) for q = 00. Clearly, (2.2) => (2.3). It remains to prove the last 
conclusion. Assume that a^k = for j > 1 and k > ko. We shall prove 

(2-7) sup \\Ax\\e q < \\Ay\\ £q 

||a:||£ 1 =l,a;>0,xj. 
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for some y with y > 0,y j, and \\y\\e 1 = 1. If so, then (2.3) implies (2.2) 
and we are done. We have ||Ax||^ > ||Ac||^, where x = (xi,X2,- • •), x\ = 
^i + (^fc +i + x feo+2 + ' • • )j %k = Xk for 1 < k < ko, and Xk = otherwise. Hence, 
this substitution does not loose the value of the left-hand side of (2.7). Without 
loss of generality, the sequences x and y in (2.7) will be assumed to be of the 
form £=(&,■•■ , Cfeo, 0, • • • )• Set f = (6, ■ ■ ■_,&„) and ||rk = £fc°=i 161- We 
know that the set f2 = {£* : £ > 0, £ J,, and I^H^ = 1} is a non-empty compact 
subset of and the mapping ^4 : Q i — > IR is continuous, where A£* = \\A£\\g . 
Hence, the sequence y involved in (2.7) exists. This completes the proof of 
Theorem 2.1. ■ 



We know that \\A\\g 1 g 



sup (XX* 



V? 



so the condition H-AH^^ < oo 



in Theorem 2.1 can be replaced by the statement that the quantity on the 
right side of (2.1) is finite. For a finite matrix, aj k = for max(j, k) > ko, 
where ko exists. Moreover, H-AH^^, < oo. Hence, (2.1) — (2.3) in Theorem 
2.1 are equivalent for this case. In general, (2.3) does not imply (2.1). A 
counterexample is given by the matrix 



A 



( 1 











• 


" ^ 





1 








• 







1/4 


1 





• 










1/4 


1 


• 










1/9 


1/4 


1 • 













1/9 


1/4 • 




V '■ 













For x > with \\x\\g 1 = 1, we have 

OO / oo 

\\Ax 



k=i x j=i 7 v fc=i 7 



This implies H-AH^,^ < 7r 2 /6. On the other hand, the choice x n = ^, . . . , ^, 0, . 
gives x n > 0,x n 1, 1 1 En | k = 1, and 



^ / OO OO \ 

\\Ax n \\ ei = -(X a ^ 1 + "" + SI a J>) 

S = l .7 = 1 J 



1 / , 1 ,11 1 , 

-(l + (l + - r ) + ... + (l + - r + - + ... + — 



n 



1 1 

1 + 4 + 9 + --- = Y 



4 9 



as n — > oo. 



TV- 
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This leads us to H-AH^,^ = 7r 2 /6 = sup H-AxH^, which says that (2.3) 

\\x\\£ 1 =l,X>0,xl 

holds for q = 1. However, we can easily see that (2.1) is false for q = 1. 
The next theorem deals with the case p = oo. 

Theorem 2.2 Let 1 < g < oo and A = (aj,k)j,k>i w ^ a j,k > 0. TTten 

/ 00 / 00 \ 9\ 1/9 

(2-8) Pllw 9 = £ (Ew = IWk»,W 

\j=l \jfc=l ' ' 

Proof. Consider 1 < q < oo. For x > with HxU^ = 1, we have 

/ > \ q\ 1/q / oo , oo \ 9\ 1/9 

i 

\j=l v fc=l ' 7 V j = l V fc=l 



and the right-hand side of the above inequality is attained by x = (1, 1, . . . ). 
Therefore, (2.8) holds for 1 < q < oo. As for q = oo, 



(OO \ /CO 

£ aj,fc£fc ) < sup I ^ a J)fc 
fc=i 7 V fc=i 



where x > and Hx]^ = 1. Moreover, the choice x = (1,1,...) gives 

ll^lkoo = su Pj>i (^2^=1 a j,k^J ■ Hence, (2.8) holds for q = oo and the proof is 
complete. ■ 

From (2.8) and the proof of Theorem 2.2, we see that H^H^,^ < oo if and 

only if ^Yl°° =1 (^2kL\ a j,k^j ^ < oo. Moreover, under this condition, the 
following equality also holds: 

(2.9) sup \\Ax\\e q = max \\Ax\\e q . 

\\x\\ ioo =l l|a;|^ oo =l,x>0,x| 

3 The cases q = 1 or oo 

In this section, we investigate the upper bound equality for the cases q = 1 or 
oo. Since p = 1 or oo have been examined in Theorems 2.1-2.2, we exclude 
these two cases in the following, that is, we only consider the case 1 < p < oo. 



6 



Theorem 3.1 Let 1 < p < oo and A = (dj,k)j,k>i with aj^ > 0. Suppose that 
£pA < oo. Then (3.1) ^> (3.2) <^> (3.3), where 



(3.1) '^2 a j,k * s decreasing in k, 

3=1 



(3.2) sup ||Ax||^ = max 

llxll, =i IWI* p =M>o,xj. 



(3-3) \\A\\ £pA = \\A\\ eM . 

Proof. By [8, page 699, Corollary 1], we know that 

/ oo , OO . p*. l/p* 

(3-4) \\A\\ epA = (E(E a ^) ) <0 °' 

where l/p+ l/p* = 1. Set 5* = Y%Li a j,k- Then (3.1) says that {S k }f =l is 

*-l / oo 

decreasing. Let x = (xi, X2, ■ ■ ■ ), where x& = AS^ and A = I EJ^li I 
Then x > 0,x [, \\x\\e p = 1, and 

l/p* f oo ^ oo \P*\ l/p* 

..A: I I H . ' j 

K k=l ' y k=l y j=l 



l/p* 



(oo \ l/p / / oo 

E*r = E E% 
fc=i 7 v fe=i v i=i 

Hence, (3.1) => (3.2). Clearly, (3.2) => (3.3). We claim that (3.3) 

(3.2) =^> (3.1). Assume that (3.3) holds. By (3.4), \\A\\ tpA = fefcLi^*^ 
and so there exists some x n = (x", x% , £3 , ■ • • ) £ ^ p such that x n > 0, x n J., 

||x n ||^ = 1, and H^x™!^ — ► Efcli ^ ) as n ^ 00. We know that 

{x£ : n > 1} C [0, 1] for each k. By the "diagonal process" (cf. [17, Theorem 
7.23]), without loss of generality, we can further assume that for each k > 1, 
xjj converges to some x k as n — > 00. Set x = (xi, X2, ■ ■ ■ )• Then x > and x j. 
We shall claim that ||x||^ p = 1 and H-AirH^ = ^. If so, (3.2) follows. For 

any m > 1, we have 

l/p / ^ ^ p\ l/p 

< lim ||x n |L = 1, 



E<) = *■ E H 

k=i 7 v fe=i v 7 
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which implies \\x\\i p < 1. We shall prove \\x\\g > 1 and H^xj^ = H^H^,,^ si- 
multaneously. By definitions, H-AxH^ = J2k=i Sk&k and H^lx"!^ = YlV=i ^kX k - 
For m > 1, it follows from the Holder inequality that 



fc=i 



k=i 



< 



fc=l ^fc=m+l 



1/p* 



^5 fe (%-x^) + ( E S f 

fc=l ^fc=m+l 



1/p* 



This implies 



^s kXk > \\Ax n \\ £l - Y,s k {x k -x n k ) -(^ S p ; 

k=l k=l \=m+l 

v fc=l ' V fc=m+1 



1/p* 



as n — > oo. 



Taking m — > oo, we get H-AxH^ > I X^i ) • For the reverse inequality, 
by the Holder inequality and \\x\\e p < 1, we obtain 

OO , OO s 1/p* , OO s 1/p* 

(3.5) nAEik=x;^^pik e^j mex) • 
fc=i ^fc=i ^ ^fe=i ^ 

Putting these inequalities together, we find that H-AxH^ = I Yl'kLi &k ) = 

\\A\\i p ^ 1 and ||x||^ = 1. This finishes the proof of the implication: (3.3) =>■ 
(3.2). In fact, we get more. Since the inequality signs in (3.5) are equality 
signs. By the Holder inequality, we infer that (x\, x^, . . . ) and (S p ,S% , • • • ) 
are proportional. Since x\ > x\ > ■ ■ ■ , the sequence {S^ is decreasing. 
This leads us to (3.1). We complete the proof. ■ 



oo , oo \P\ l IP* 

( a j,k ) ) • Hence, the condition 
k i S'=i 

p*\ i/p* 

< 



We know that \\A\\e g 1 



\\^-\\e P A < oo in Theorem 3.1 can be replaced by ( X^fcLi ^S^=i a j,k 
oo. As Theorems 2.1-2.2 indicate, Theorem 3.1 is false for the cases that p = 1 
or oo. 

In [7], the present authors indicate that the matrix A, defined by 02,2 = 1 
and otherwise, possesses the property: H^lf^,^ > Mlk p ,W, where 1 < p < 
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oo. This phenomenon can be interpreted by applying the following result to 
the case A = {2}. 

Theorem 3.2 Let 1 < p < oo, l/p + l/p* = 1, and A = (aj,k)j,k>i with 
a-j,k > 0- Suppose that there exists a nonempty finite set A of positive integers 
with 



/ oo , l/p* , oo t \l/p 

(3.6) su P(E a &) <s ^(E a S 



a P u\ < oo. 



Then (3.7) (3.8) (3.9), where 

(3.7) mere exists some I £ A smc/j mat a^i > > • • • > az,n > • • • 

l/p* / oo , l/p* 



oo \ L/p / oo \ 



(3.8) sup \\Ax\\ too = max ||Ax||, 

||x||f_=l lFll« p =l,a:>0,xi 



(3-9) P|| Woo = 

For the implication from (3.7) to any of (3.8) or (3.9), me condition that A is 
/mite is unnecessary. 

Proof. Putting the Hellinger-Toeplitz theorem (see [2, page 29]), [8, Theo- 
rem 10], and (3.6) together, we obtain 

/ oo , l/p* 

(3-10) P|| Woo = = sup^«?,fcj < °°. 

where ^4* is the transpose of A. Assume that (3.7) holds. Set x = (x\,X2, ■ ■ ■), 

*-i ( oo A~ 1/p 

where Xk = Aaf fc and A = ( YlkLi a fk ) ■ Then x > 0,s |, \\x\\e p = 1> an d 

OO , CO s l/p* 

(3.H) \\Ax\U~ = (E a ffe) • 

fe=i ^fe=i ' 

By (3.7) and (3.10), we get \\Ax\\ £oo > \\A\\ ep/cxi . This leads us to (3.8). Clearly, 
(3.8) (3.9). In the above argument, the assumption that A is finite is 
unnecessary. We claim that (3.9) (3.7). Assume that (3.9) holds. We 
know that A is a finite set. Without loss of generality, we can assume that 
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/ \ Vp* / \ i/p* 

(J2k=i< k ) = su Pj - 6A ^Er=i< fc J fOT a11 ^ e A. Let x > 0, x |, 
IMk = and ll^lkoo > 7, where 7 = sup^ A ^fcli . We have 

ll-^lkoo = SU P( / a j kXk I • For j > 1, the Holder inequality implies 

aj-fcXfc < \\x\\ £p ( 4,k ) = ( a f,k ) > 
fc=i v fc=i 7 v fc=i 7 

which gives supl ^ a J)fc x fe I < supl ^ a p fc I =7. Thus, Px||^ = ^ a,.,fcX fe 
J'* A \fc=i 7 ' 7 k=i 



for some r G A. Since A is a finite set, we can find some I <G A such that 
(3.12) 

Putting (3.6), (3.9), (3.10), and (3.12) together yields 



sup ^a iiA; x fc = \\A\\ £p/ooA . 

IWU p =l,:r>0,r4 fc=1 



OO I OO ■> 

sup ^ a«,fcX fc = 5>f fe 
,=i,x>o,xi fc=1 V fc=1 ' / 



i/p* 



which can be written in the form: ^ = |j^4||^ p ^ l5 j. Here A = (aj,k)j,k>i 

is defined by = a/^ and = for j / I. By Theorem 3.1, we get (3.7). 
The proof is complete. ■ 

From (3.10), we see that condition (3.6) implies H-AH^,^ < 00. It is clear 
that this condition is automatically satisfied by any finite non-negative matrix 
A. Applying Theorem 3.2 to this case, we find that (3.7) — (3.9) are equivalent 
for such kind of matrices. In general, (3.6) can not be taken off. The following 
matrix provides us a counterexample: 

\ 



A - (aj,k)j,k>i 



( 1/2 


1 


1/3 


1/4 


1/5 


1 














1 


1/2 











1 


1/2 


1/3 








1 


1/2 


1/3 


1/4 





1 


1/2 


1/3 


1/4 


1/5 
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Clearly, both of (3.6) — (3.7) are not satisfied by any finite set A. Let x k = 

-i/p 



{l/kf*- 1 ^Es=i(V s ) P *) for 1 < k < n and otherwise, where 1< p < oo. 

n , n , 1/p* 

Then i > 0,i |, \\x\\tp = 1, and \\Ax\\ toB > ^x k /k = ( ^(l//c) p * I for 

k=l U=l ' 



Vl~ 1 / Vfc— 1 / 



Putting this with (3.10) and letting n — > oo, we obtain > H^H^,^- 

Hence, (3.9) holds. 
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